We study the fate of U(1) strings embedded in a non-Abelian gauge theory with the hierarchical pattern of the symmetry breaking:
Introduction
Formation of the chromoelectric flux tubes in non-Abelian gauge theories is being discussed as a mechanism of color confinement, at a qualitative level, since the early days of quantum chromodynamics (QCD) . No quantitative first-principle description of the phenomenon was ever constructed in QCD -strong coupling regime inherent to this theory precluded all efforts in this direction.
The revival of interest to non-Abelian gauge theories occurred in the mid-1990's. The idea of using supersymmetry as a tool allowing one to deal, to a certain extent, with strong coupling regime was revived. This development culminated in the work of Seiberg and Witten [1, 2] who considered N = 2 Yang-Mills theory slightly perturbed by a (small) mass term of the adjoint matter field. This perturbation breaks N = 2 down to N = 1. Supersymmetry proved to be sufficiently powerful to allow Seiberg and Witten to constructively demonstrate the existence of the dual Meissner effect -the monopole condensation accompanied by the formation of the chromoelectric flux tubes. Technically, the Seiberg-Witten theory has two distinct scales (this was crucial for their construction): the scale of strong interaction Λ, and a much smaller scale regulated by a small adjoint mass term. Below Λ the original SU(2) Yang-Mills theory reduces to an Abelian (dual) quantum electrodynamics (QED). Correspondingly, the flux tubes (strings) of the Seiberg-Witten theory are the conventional U(1) Abrikosov-Nielsen-Olesen (ANO) strings [3, 4, 5] . In the SU(N) case, the low-energy effective theory is that of U(1) N −1 ; the flux tubes one deals with present a straightforward generalization of the ANO strings.
In the Yang-Mills theory without quarks, the underlying gauge group has a nontrivial π 1 homotopy. On topological grounds one then expects Z N vortices to appear [6, 7, 8, 9, 10, 11] . However, in fact, in the Seiberg-Witten construction, in which at low energies the gauge group is broken down to U(1) N −1 by the adjoint matter condensation, it is the U(1) N −1 strings that appear [12] near the monopole/dyon vacua. They form N −1 infinite towers of the ANO flux tubes for each of U(1) factors and give rise to confinement of quarks. It is clear that only some of these strings (those which correspond to Z N strings of the microscopic non-Abelian theory) are stable, all others must be unstable (metastable) [13] beyond the extreme low-energy limit.
A slightly different scenario takes place in the Seiberg-Witten theory with fundamental matter (quarks). In this case the underlying gauge group SU(N) has a trivial homotopy group, π 1 (SU(N)) = 0, and does not admit flux tubes. However, near the charge vacua this theory has an Abelian low-energy description too, which ensures the presence of the ANO flux tubes in the extreme low-energy limit. These ANO strings give rise to confinement of monopoles [14, 15, 16, 17] . It is perfectly clear that all these ANO strings must be metastable in the microscopic non-Abelian theory.
Thus, we see that the following general question presents a considerable interest. Assume that one considers an underlying non-Abelian gauge theory with a trivial (or "almost trivial") homotopy group π 1 . (For definiteness, one may choose SU (2) .) Assume that this theory experiences a two-stage spontaneous symmetry breaking: first, at a high scale V , the non-Abelian group is broken down to an Abelian subgroup (let us say, U(1), for definiteness), and then this U(1), in turn, is spontaneously broken at a much lower scale v. The underlying non-Abelian theory will be referred to as "microscopic," while the low-energy Abelian theory will be called "macroscopic." In the low-energy limit one can forget about the microscopic theory and consider QED with a charged matter field which develops a vacuum expectation value (VEV). Correspondingly, stable ANO strings do exist in the macroscopic theory. In the microscopic theory they are metastable, rather than stable, however, because of the triviality of π 1 of the original gauge group. A long ANO string can (and will) break due to the monopole-antimonopole pair creation. The task is to find the probability (per unit length per unit time) of the string breaking.
This question can be quantitatively addressed at weak coupling. In this paper we consider a simple (non-supersymmetric) model which closely follows the pattern of the (supersymmetric) Seiberg-Witten theory. We start from an SU(2) gauge model with scalar fields -one in the adjoint and another in the fundamental representation -with a certain interaction between them. The field in the fundamental representation will be referred to as the "quark field." The interaction of scalars is arranged in such a way that the adjoint scalar develops a large vacuum expectation value,
where Λ is the dynamical scale of the SU(2) theory. This VEV of the adjoint field breaks the SU(2) gauge group down to U(1) and ensures that the theory at hand is weakly coupled. At this stage the 't Hooft-Polyakov monopoles emerge [18, 19] . Their mass is very heavy,
Then the standard ANO flux tubes emerge. We study their decay in the quasiclassical approximation. To this end we consider dynamics of an unstable mode associated with the possibility of "unwinding" the ANO string winding on the SU(2) group manifold. This is an under-barrier process, with the corresponding action being very large in the limit v ≪ V . The physical interpretation of this tunneling process is the monopole-antimonopole pair creation accompanied by annihilation of a segment of the string. Analytic formulae for the probability of the string breaking in terms of the microscopic parameters will be obtained in two limits: extreme type II and type I strings. Although our method is fully applicable for non-extreme strings too, for generic values of the ratio of the quark and photon masses m q /m γ numerical work is needed in order to determine a crucial macroscopic parameter, the ANO string tension. However, if we treat this tension as given (or borrow it from the literature where the necessary numerical work was done), then we can present a general result for the metastable string decay rate (the probability per unit time per unit length of the string)
where m W is the W boson mass. The decay rate being written in this form is valid as long as ln (m W /m γ ) ≫ 1, in the logarithmic approximation. The dependence on the ratio m q /m γ enters here only through T ANO . As was expected, Γ breaking turns out to be suppressed exponentially, by the exponent of the ratio of the monopole mass squared to the ANO string tension. This is natural in light of the tunneling interpretation of the string breaking processthat the string is broken into pieces by the monopole-anti-monopole pair production. Our result can be also viewed as a calculation of an open string coupling constant in the effective string theory for the ANO string.
The paper is organized as follows. In Sect. 2 we formulate our model and explain, in concrete terms, what needs to be done in order to calculate the string decay probability. In Sect. 3 we present an ansatz for the gauge and scalar fields describing the under-barrier transition ("unwinding") under consideration. The decaying string ansatz is parametrized by three profile functions. We identify an unstable mode θ in which tunneling occurs. For the extreme type II and type I strings one needs to know only the asymptotic behavior of the above profile functions. This simplifies the problem immensely. Section 4 is devoted to the extreme type II string (m q ≫ m γ ). In this limit, the stable ANO solution was obtained analytically by Abrikosov long ago [3] . We generalize this solution to cover the decaying string. For the unstable mode θ we derive an effective two-dimensional field theory on the string world-sheet. The string breaking in the microscopic theory corresponds to the false vacuum decay in the effective world-sheet field theory for θ(t, z). We then apply well-developed methods [20, 21] for calculating the false vacuum decay rate through bubble formation. In this way we find the probability of the string breaking for the extreme type II strings.
In Sect. 5 we consider the opposite case of the extreme type I string (m q ≪ m γ ). The analytic solution in this case was obtained quite recently in Ref. [15] . Although the string tension for type I is given by an expression significantly different from that for type II, the string decay rate, being expressed in terms of the string tension, is determined by the same formula as in the type II case. Section 5.3 extends the proof of Eq. (1.3) to non-extreme strings.
In Sect. 6 we compare our result for the string decay rate with the one given by Schwinger's formula [22] which might be used for the evaluation of the probability of the monopole-antimonopole pair production in the external magnetic field. The comparison can be performed only qualitatively. The reason is that, first, the field of the string is not homogeneous and, second, the monopoles interacting with the magnetic field in the flux tube are in the ultra-strong coupling regime, so that Schwinger's one-loop formula is way beyond its range of validity. Still, the compari-son exhibits a qualitative agreement with our result as far as the powers of the mass scales in the exponent are concerned.
Finally, Sect. 7 summarizes our results and conclusions and outlines problems for future investigation.
The model and formulation of the problem
We will consider SU(2) gauge theory with the action
where φ a (a = 1, 2, 3) is a real scalar field in the adjoint, while q k (k = 1, 2) is a complex scalar field in the fundamental (sometimes, we will refer to it as to the "quark" filed). Finally, g is the gauge coupling, and V (q, φ) is a scalar self-interaction potential. Throughout the paper we will deal with the adjoint fields both, in the matrix and vector notations, say
The covariant derivatives D µ and ∇ µ act in the adjoint and fundamental representations, respectively. The simplest form of the potential V (q, φ) that will serve our purpose is
where v and V are parameters of dimension of mass and λ ,λ and γ are dimensionless coupling constants. In this work we limit ourselves to the case of weak couplings, when all four coupling constants g 2 , λ,λ and γ, are small. We also assume that V ≫ Λ, where Λ is the scale parameter of the SU(2) gauge theory. Then the quasiclassical treatment applies. Since our goal is a non-perturbative string decay, in this paper we will ignore perturbative quantum corrections altogether.
To arrange the double-scale (hierarchical) pattern of the symmetry breaking mentioned in Sect. 1 we must ensure a hierarchy of the vacuum expectation values (VEV's). Namely, the breaking SU(2)→U(1) occurs at a high scale, while U(1)→ nothing at a much lower scale, v ≪ V . At the first stage the adjoint field φ develops a VEV which can be always aligned along the third axis in the isospace,
4)
This breaks the gauge SU(2) group down to U(1) and gives masses to the W ± bosons, and to one real adjoint scalar φ 3 ,
while two other adjoint scalars (φ 1 and φ 2 ) are "eaten" up by the Higgs mechanism. Note that simultaneously the second component of the quark field, q 2 , acquires a large mass,
due to the last term in the potential (2.2). Below the scales (2.5), (2.6) the effective low-energy theory reduces to QED: the U(1) gauge field A 3 µ interacting with one complex scalar quark q 1 . The action is
Furthermore, at this second stage the charged field q 1 develops a VEV, and the U(1) theory finds itself in the Higgs phase,
At this stage the gauge group is completely broken. The breaking of U(1) gives a mass to the photon field A 3 µ , namely,
while the mass of the light component of the quark field q 1 is
In what follows we will essentially forget about the heavy component of the quark field q 2 , it will be irrelevant for our consideration 1 . Only q 1 is relevant. Correspondingly, in the bulk of the paper we will drop the subscript 1 in mentioning the quark field; by definition, m q ≡ m q 1 = 2 √ λv. The theory (2.7) is an Abelian Higgs model which admits the standard Abrikosov-Nielsen-Olesen (ANO) strings [3, 4] . Let us briefly review their basic features. For generic values of λ in Eq. (2.7) the quark mass m q 1 (the inverse correlation length) and the photon mass m γ (the inverse penetration depth) are distinct. Their ratio is an important parameter in the theory of superconductivity, characterizing the type of superconductor. Namely, for m q 1 < m γ one deals with the type I superconductor in which two strings at large separations attract each other. On the other hand, for m q 1 > m γ the superconductor is of type II, in which two strings at large separations repel each other. This behavior is related to the fact that the scalar field generates attraction between two vortices, while the electromagnetic field generates repulsion. The boundary separating superconductors of the I and II types corresponds to m q 1 = m γ , i.e. to a special value of the quartic coupling λ, namely,
(2.11)
In this case the vortices do not interact. It is well known that the point (2.11) represents, in fact, the Bogomolny-Prasad-Sommerfield (BPS) limit. At m q 1 = m γ the ANO string satisfies first order differential equations and saturate the Bogomolny bound [5] . In supersymmetric theories the Bogomolny bound for the BPS strings coincides with the value of the central charge of the SUSY algebra [23, 24, 25] . In particular, the BPS strings arise in the Seiberg-Witten theory near the monopole/charge vacua at small values of the adjoint mass perturbation [14, 26, 27] .
The classical field equations for the ANO string with winding number one are solved in the standard ansatz,
is the distance from the vortex center while α is the polar angle in the transverse to the vortex axis (1, 2)-plane (the subscripts i, j = 1, 2 denote coordinates in this plane, x and y, see Fig. 1 ). Moreover, q(r) and f (r) are profile functions. Note,
The profile functions q and f in Eq. (2.12) are real and satisfy the second order differential equations
for generic values of λ (the prime stands here for the derivative with respect to r), plus the boundary conditions α x y z r Figure 1 : Geometry of the string. 14) which ensure that the scalar field reaches its VEV (q 1 = v) at infinity and the vortex at hand carries one unit of magnetic flux. The expression for the string tension (energy per unit length) for the ANO string in terms of the profile functions (2.12) has the form
For generic values of the ratio m q /m γ only a numerical solution of Eqs. (2.13) is possible. However, in the extreme type II case (m q ≫ m γ ) and extreme type I case (m q ≪ m γ ) analytical solutions can be readily found [3, 15] . We will review these solutions in Sects. 4 and 5, respectively. As was explained in Sect. 1, in the full SU(2) theory the ANO string can decay. We will use the solutions discussed in Sects. 4 and 5 in order to analytically calculate the decay rate of the ANO string.
Decaying strings
It is clear that the ANO strings (2.12) are topologically stable only at low energies when the SU(2) theory (2.1) reduces to a "macroscopic" theory, QED, see Eq. (2.7).
In the full "microscopic" theory (2.1) they should be metastable because the SU(2) gauge group does not admit flux tubes, π 1 (SU(2)) = 0. To visualize the decay possibility, note that the winding in (2.12) runs along the "equator" of the SU(2) group space (which is S 3 ) and, therefore, can be shrunk to zero by contracting the loop towards the south or north poles.
It is not difficult to devise an ansatz encoding the possibility of unwinding the field configuration (2.12) through the loop shrinkage in the SU(2) group space. The ansatz which does the job and eventually will allow us to calculate the ANO string decay rate is parametrized by an angle parameter θ,
(Eventually, upon quantization, θ will become a slowly varying function of z and t, a field θ(t, z).)
The gauge and quark fields in (3.1) are parametrized by profile functions f θ (r) and q θ (r) depending on the parameter θ. They satisfy the same boundary conditions
as in the U(1) case, see Eq. (2.14). The boundary conditions at zero are chosen to ensure the absence of singularities of our ansatz at r = 0. The magnetic flux of the string (3.1) is 2π cos 2 θ.
It equals to 2π at θ = 0 and goes to zero at θ = π 2 . The term ∆φ in the last line of Eq. (3.1) is needed to make sure that there is no singularity at r → 0. For axially symmetric string the function ∆φ can be chosen in the form ∆φ = ϕ θ (r) 
From this expression it is clear that φ has no singularity at r = 0 provided that
The boundary condition for ϕ θ (r) at infinity should be chosen as follows:
Both boundary conditions are consistent with the initial condition
to be imposed. Our ansatz, Eqs. (3.1) and (3.2) , smoothly interpolates between the ANO-type winding along the equator at θ = 0, and constant matrix with no winding at θ = π/2. In other words, we start from the ANO string at θ = 0 and arrive at empty vacuum at θ = π/2. Indeed, at θ = 0 the adjoint field φ is aligned,
) Thus, we managed to unwind the ANO winding through extra dimension of the vacuum manifold in the SU(2) theory which was not there in QED.
We pause here to make an additional comment regarding our ansatz (3.1). At large r, when q θ → v and f θ → 0 and ϕ θ → 0, our field configuration presents a gauge-transformed "plain vacuum". This ensures that at every given θ the energy functional converges at large r. The convergence of the energy functional at small r is guaranteed by the boundary conditions q θ (0) = 0 , f θ (0) = 1 and (3.7).
The tension of the string (or the field configuration in which it evolves at θ = 0) is a functional of three functions f θ (r) , q θ (r) and ϕ θ (r). It is easy to get this functional by substituting the ansatz (3.1) in the action (2.1). Restricting ourselves to (1,2)-plane we obtain after some algebra
(3.10)
Needless to say that at θ = 0 the string tension T coincides with that for the ANO string, see (2.15) , while at θ = π/2 it goes to zero, as was expected.
Now we have to minimize the string functional (3.10) with respect to three profile functions f θ (r) , q θ (r) and ϕ θ (r) at fixed θ. This procedure would give us a solution for the profile functions. Finding the full solution is a rather complicated task requiring numerical computations which go beyond the scope of the present paper. However, in the next two sections we will get sufficient information regarding the profile functions allowing us to solve the problem in two extreme type II and type I cases.
Extreme type II string
As we have already mentioned, even for the stable ANO string the analytic solution for generic values of the ratio m q /m γ is absent. On the other hand, it is not difficult to find the solution that would be valid in the logarithmic approximation, ln m q /m γ ≫ 1. Therefore, in this section we consider the extreme type II superconductor for which we will be able to obtain an analytic solution of the problem of the decaying string.
In fact, we impose the following relation between the adjoint scalar, quark and photon masses:
In addition, it is convenient to limit ourselves to the case m W ∼ m a . At first, we review Abrikosov's solution for the ANO string [3] , then consider the decaying string and, finally, work out the effective action for the unstable mode on the string world-sheet and calculate the string decay rate.
Type II ANO string
Assume that m q ≫ m γ in the Abelian Higgs model (2.7). Then the ANO string looks as follows. The quark field q(r) varies from zero to its vacuum value v inside a small core of radius of order of 1/m q , whereas the electromagnetic field is spread over a much larger domain, of order of 1/m γ . In the latter domain the quark field is already very close to its VEV. The solution of the second equation in (2.13) for the gauge profile function f is f ∼ r 2 in this domain (where the last term in this equation can be ignored). Being properly normalized, the solution has the following asymptotics:
where c is a constant, c ∼ 1. The approach to zero at r ≫ m −1 γ is exponentially fast.
The leading (and the only) logarithmic contribution to the string tension comes from the third term in the expression (2.15) for the ANO string tension. In the domain m −1 q ≪ r ≪ m −1 γ , with the logarithmic accuracy, one can substitute in Eq. (2.15) q = v and retain only the leading term in the gauge profile function, f = 1 + · · ·. In this way one gets This result was obtained by Abrikosov in 1957 [3] . Note that the leading logarithmic contribution to the string tension (4.3) is totally insensitive to details of the profile functions q and f . It "feels" only the boundary values q(∞) = v and f (0) = 1.
Decaying type II string
Now we use the same method of separating distinct physical scales to describe the decaying extreme type II string. Our goal is calculating the barrier (potential energy versus θ) which will be later used in the calculation of the decay rate. We will need the kinetic term for the field θ(t, z) too, but we begin with the potential term.
The condition (4.1) ensures that both, the adjoint scalar and quark fields vary in small cores with sizes of order 1/m a and 1/m q , respectively. In the domain m −1 q ≪ r ≪ m −1 γ the fields φ and q already reach their boundary values ϕ θ (∞) = 0 and q θ (∞) = v. Moreover, we again use Eq. (4.2) for the function f θ , the leading logarithmic contribution to the tension coming from the boundary value f θ (0) = 1.
Substituting this data in Eq. (3.10) we get
This is our result for the barrier profile for the extreme type II string. The first term here comes from the third term in Eq. At non-zero θ the V 2 term dominates -it produce a huge barrier, with the height of order of V 2 ln (m a /m γ ). At θ = π/2 the tension T II (θ) vanishes, which means that the string disappears. This is summarized in Fig. 2 presenting T II (θ) versus θ.
Effective world-sheet theory
In order to calculate the decay rate of the string we have to work out the effective theory for the unstable mode parametrized by θ on the string world-sheet. The collective coordinate θ becomes a field of a 2D sigma model on the string worldsheet. The tension (4.4) gives us the potential term in the action of this sigma model. To complete the problem we need to know the kinetic term.
In order to obtain the kinetic term we apply the standard strategy: we assume that θ adiabatically depends on the world-sheet coordinates σ. (Throughout the paper we use here the static gauge for the string in which σ 1 = t and σ 2 = x 3 .) The kinetic term for θ in the 2D sigma model comes from those in the action (2.1). To calculate the kinetic term for θ it is convenient to rotate our field configuration (3.1) into a "singular" gauge performing the gauge transformation with the matrix U −1 . We then get /2 π ε θ 0 q k (x) = e k q θ (r) ,
In this gauge the boundary values of the fields at infinity do not depend on θ and give no contribution to the kinetic energy term. We pause here to discuss a subtle point in the calculation of the kinetic term. With time dependence switched off, for the static string, the non-vanishing components of the gauge potential are A j , (j = 1, 2). The components A n with n = 0, 3 vanish, see Eq. (3.1). However, as soon as we allow θ to depend on the world-sheet coordinates, the components A n with n = 0, 3 must become non-zero. Indeed, let us first assume that A n = 0 (we will immediately see that this is a wrong assumption). Consider the contribution of the kinetic term of the gauge field F 2 µν . It is clear that the only F 2 nj piece contributes to the kinetic term of θ,
If the components A n vanished, then one would obtain
which, being combined with Eq. (4.5) for the gauge potential A j , yields
With this formula the expression for F 2 nj is not even gauge invariant with respect to the gauge transformations depending on θ, see Eq. (4.7).
The fact that we made a mistake by assuming A n = 0 manifests itself in the singularity in Eq. (4.8) at r = 0 (note that f θ (0) = 1, see Eq. (3.3)).
Thus, in the calculation of the kinetic term of θ one cannot avoid switching on the components A n with n = 0, 3 which, naturally, must be proportional to ∂ n θ. The following ansatz for A n goes through:
where a θ (r) is a new profile function and the angle α is defined in Fig. 1 . Generally speaking, A n is parametrized by three distinct profile function accounting for three generators of SU(2). However, as it turns out, the single structure presented in Eq. (4.9), leads to a fully self-consistent and complete ansatz, with the r → 0 singularity in F nj cancelled. We do not need two other structures. Substituting Eq. (4.9) in Eq. (4.6) and ignoring terms that are a priori nonsingular at r = 0, we get F n j = 2 (∂ n θ) ε jℓ x ℓ r 2 sin 2θ
where we assume that the gauge profile function f θ = 1 + · · · at r ≪ 1/m γ . The reason why we can keep only the most singular terms is as follows. Let us remind that in Sect. 4.2 we found the potential term for the θ field in the logarithmic approximation (i.e. the approximation in which only those terms are kept which contain large logarithms of the mass ratio). Our task in this section is to find the kinetic term for the θ field in the very same logarithmic approximation. In order to cancel the actual divergence of d 2 x F 2 n j at r → 0 we must impose the following boundary condition:
as well as a θ (∞) = 0 . In fact, for our purposes -determination of the kinetic term with the logarithmic accuracy -it is sufficient to use the step function model for a θ (r) similar to that in Eq. where we introduced a new parameter R, to be determined below, (it is assumed that R ≪ 1/m γ ).
With the profile function a θ (r) presented in Eq. (4.13), the contribution of the gauge term to the kinetic energy of the field θ takes the form
This is not the end of the story, however, since, in addition, we have to take into account the kinetic energy coming from the scalar kinetic terms in Eq. (2.1) (the second and the third terms). It is obvious that the third term, associated with the quark field, is proportional to v 2 and can be neglected as compared to the second term -the contribution of the adjoint scalar which is proportional to V 2 . As a result, using Eq. (4.9) to calculate D n φ, we get for the total kinetic energy 4π (∂ n θ) 2 
The parameter R can now be determined from the requirement that the coefficient in front of (∂ n θ) 2 be minimal. Minimizing this with respect to R we find the condition
In other words, R turns out to be small, of the order of the inverse mass of the W boson,
in full accord with what our physical intuition demands. With this value of the parameter R, the first logarithmic term in Eq. (4.15) dominates over the second one, which can be thus ignored with the logarithmic accuracy. As a result, combining together the kinetic term (4.15) with the potential term (4.4), we arrive at the following action of the 2D sigma model:
This is our final result for the effective theory of the unstable θ-mode on the string world-sheet. In what follows we will assume that the masses m W and m a are of the same order of magnitude, i.e.λ ∼ g 2 . In the logarithmic approximation accepted throughout the paper we can then replace the logarithms in the first and the third terms in Eq. (4.17) by a single logarithm, say ln m W /m γ . This assumption is by no means crucial; it is made to avoid cumbersome formulae. It can be readily lifted. We will use Eq. (4.17) in Sect. 4.4 to calculate the decay rate of the metastable extreme type II string.
Decays through bubbles
To calculate the decay rate of the metastable string we may forget for a while about the microscopic theory (2.1) and turn our attention to the effective theory (4.17) . In this latter theory the string state is nothing but "the false vacuum state" at θ ≈ 0, see Fig. 2 , while the "no-string state" is the true vacuum at θ ≈ π/2.
The metastable string decay occurs through the creation of the monopole-antimonopole pair: at a certain z = −z 0 a monopole is produced, accompanied by the production of an antimonopole at z = z 0 , through tunneling. In the interval −z 0 < z < z 0 the magnetic flux tube is eliminated. The subsequent behavior of the monopole-antimonopole pair (run-away) is governed by classical mechanics.
The corresponding process in the effective theory looks as follows. In the initial moment of time the theory resides in the false vacuum. Then it tunnels into the true one. The tunneling creates an interval of true vacuum, which subsequently experiences an unlimited classical expansion.
The quantitative description of the false vacuum decay is well-developed within the quasiclassical approximation [20, 21] , which is fully applicable to the 2D sigma model (4.17) . The applicability of the quasiclassical approximation will become clear shortly. The parameter which regulates this approximation is V /v ≫ 1.
Let us briefly review the general procedure [20, 21] of calculating the probability of the false vacuum decay (for a comprehensive review see [28] ). Details (as well as the final answer) slightly depend on the space-time dimension. Since our effective world-sheet theory (4.17) is (1+1)-dimensional, we will focus on this case.
An appropriate description of the tunneling probability implies a Euclidean rotation, t → i t .
After the Euclidean rotation, the Euclidean action of the effective world-sheet theory takes the form
In this formulation the false vacuum decay goes through the creation of a bubble of the true vacuum inside the false one, see Fig. 3 . The bubble is a classical bounce solution in the potential V (θ) = −T II (θ) which depends only on the radial variable √ t 2 + z 2 . In the thin wall approximation which is relevant to our problem the concrete form of the bounce solution in the model (4.18) is not important. The only parameter we will need to know is the tension τ of the bubble surface. The bounce solution has a negative mode associated with instability in the bubble size ρ. Integration over this negative mode produces an imaginary part of the vacuum energy. The latter determines the false vacuum decay rate [20, 21] which thus is proportional to Γ ∼ exp (−S bubble ), (4.20) where S bubble is the classical action of the bounce.
In the problem at hand the ratio of the critical size of the bubble to the bubble surface thickness is very large (it is regulated by the same parameter V /v ≫ 1). Therefore, to calculate the bubble surface tension τ one can neglect its curvature and consider a flat wall separating two vacua -one at θ ≈ 0 and another at θ ≈ π/2. Simultaneously we can (and should) neglect the term κ v 2 cos 2 θ in Eq. (4.18) which is responsible for the non-degeneracy of these two vacua. With the term κ v 2 cos 2 θ switched off, the vacua at θ ≈ 0 and θ ≈ π/2 become degenerate, and the flat wall perfectly stable.
The tension of the flat wall is obtained from minimization of the energy functional
with the boundary conditions
The solution of the minimization condition is a well-known sine-Gordon soliton,
(4.23)
The mass of the sine-Gordon kink gives the wall tension τ ,
The wall thickness is inversely proportional to the W boson mass,
The potential term in Eq. (4.18) presents a huge barrier under which the false vacuum must tunnel. At the same time, the energy density difference between the false and true vacua -we denote it by E -is small since it is determined by the third term in Eq. (4.18),
The action of the bubble on the tunneling trajectory is given by [20] S bubble = 2πρ τ − πρ 2 E . The size of the critical bubble ρ * is determined by the extremum of the action,
The ratio of the bubble radius to the wall thickness is indeed very large,
which justifies the thin wall approximation. Substituting the critical size from Eq. (4.28) in Eq. (4.27) we find the tunneling action, S * = πτ 2 /E. The probability of the false vacuum decay which is equal to the probability (per unit time per unit length) of the ANO string breaking is
where the parameter κ is defined in Eq. (4.19) . This is our final result for the decay rate of the extreme type II string. We will discuss the physical interpretation of this result in Sect. 6. We conclude this section by rewriting Eq. (4.30) in terms of the ANO string tension (4.3),
(4.31)
We will see in Sect. 5 that the decay rate of extreme type I string, being expressed in terms of the type I string tension, is given by the very same formula.
Extreme type I string
In this section we will consider strings in the limit of very small quark masses. We still assume that the adjoint scalar mass is much larger than all other scales, in other words we impose the condition
We will begin with a brief review of the stable ANO strings in this case, and then turn to decaying strings. To avoid bulky expressions in what follows it will be convenient to introduce a parameter L, 
Type I ANO string
Let us outline the solution [15] for the ANO string in the Abelian Higgs model (2.7) under the condition m γ ≫ m q .
To the leading order in L = ln (m γ /m q ) the vortex solution has the following structure. The electromagnetic field is confined to a core with the radius R g which we will estimate momentarily. The profile function for the gauge field is given, approximately, by an expression similar to Eq. (4.2),
Moreover, the quark field is close to zero inside this core. On the other hand, outside the core, the electromagnetic field is vanishingly small. At intermediate distances
the scalar field satisfies the free equation of motion, see the first equation in (2.13), where the third and the last terms can be ignored. Its solution is as follows:
At large distances, r ≫ 1/m q , the function q(r) approaches its VEV v, the rate of approach is exponential, 
(5.7)
The first term here comes from the first term in Eq. (2.15)) which is concentrated inside the core. The second term in Eq. (5.7) comes from the logarithmically large region (5.5), where the quark field is given by Eq. (5.6) . Minimizing the right-hand side of Eq. (5.7) with respect to R g we determine R g ,
This expression demonstrates that in the case at hand the size of the string core is logarithmically larger than 1/m γ , due to the presence of the light scalar q. Using this result for R g it is straightforward to evaluate the tension of the extreme type I string. To this end we plug Eq. (5.8) back in Eq. (5.7) and then obtain [15] 
where L is defined in Eq. (5.2). The tension T I ANO is saturated, in the logarithmic approximation, by the kinetic energy of the quark field (the second term in Eq. (2.15), the "surface" energy). All other terms in Eq. (2.15), as well as corrections to profile functions, yield contributions suppressed by extra powers of L −1 .
Decaying type I string
We now turn to the derivation of an effective 2D world-sheet theory for the unstable mode θ(t, z) for the extreme type I strings. Our first task is determination of the potential term.
The description of the decaying type I string we are going to use runs parallel to that for type II, see Sects. 3 and 4. The adjoint scalar ϕ θ varies from its boundary value (3.7) to zero in a very narrow core whose size is of the order of 1/m a . The profile function f θ for the electromagnetic field is concentrated inside a larger core, of radius R g (θ). Note that the parameter R g introduced above now becomes a θ dependent function. Inside this "electromagnetic" core the profile function f θ is approximately given by Eq. (5.4) with R g replaced by R g (θ). The quark field is very small inside this core, while outside it is given by Eq. (5.6), again with the repalcement R g → R g (θ). Assembling all these elements together and substituting in Eq. (3.10) we get
(5.10) Next, for each given θ one determines R g (θ) by minimizing T I (θ) with respect to R g . In this way one finds
(cf. Eq. (5.8)). With this expression for R g (θ) the tension of the decaying type I string versus θ (in the logarithmic approximation) takes the form 12) where the function L(θ) is defined in Eq. (5.3) . The boundary values are as follows. At θ = 0 the potential term T I (θ) is equal to the static string tension (5.9) . At larger θ the potential T I (θ) develops a very high barrier (at the maximum T I (θ) ∼ V 2 ln (m a /m γ )), and then it vanishes at θ = π/2. Qualitatively, the behavior of T I (θ) is perfectly the same as that depicted in Fig. 2 . Equation (5.12) concludes our calculation of the potential term in the effective world-sheet action for the θmode of the type I string.
Calculation of the kinetic term for the type I string repeats the same steps we made in Sect. 4.3 for type II and thus gives the same result for the kinetic term of type I as in Eq. (4.17). It is easy to understand why: the solution for the gauge field is essentially the same for the two cases. Assembling together the kinetic and potential terms we finally arrive at the following effective world-sheet theory for the unstable mode of the extreme type I string:
We are now ready to consider the false vacuum decay in this sigma model. As in Sect. 4.4, the decay rate is given by the formula
where E is the difference between the energy densities in the false and true vacua, E = T I ANO , see Eq. (5.9), while τ is the tension of the flat wall separating the two vacua. Remember, to calculate the latter we neglect the term v 2 /L(θ) in the potential energy. Hence, the wall solution, as well as τ , are exactly the same as in Sect. 4.4, see Eq. (4.24), provided that m a ∼ m W , so that the logarithms of m W /m γ and m a /m γ are the same. We accept this simplifying assumption.
Substituting τ and E in Eq. (5.14) we finally arrive at the decay rate (per unit length) of the extreme type I string,
Needless to say that if we express this decay rate in terms of the type I string tension we get the same formula (4.31) as for the type II string,
(5.16)
General parametric dependences of Γ breaking
Above, we have developed a self-consistent analytic description of the metastable U(1) string embedded in a non-Abelian field theory in two limiting cases: extreme type II and extreme type I. We deal with a hierarchy of parameters. Here we want to separate elements of this hierarchy which are absolutely essential for our consideration from those which bear a technical character. Our consideration is quasiclassical. It is valid only at weak coupling. This requires Eq. (1.1) to be valid. We cannot sacrifice this condition.
Moreover, the two-stage nature of the gauge symmetry breaking, Eq. (1.2), is crucial too. Among other things, it guarantees that the thin wall approximation (used in Sect. 4.4 for the decay rate evaluation) is justified, see Eq. (4.29). It is unclear whether lifting the condition (1.2) one can still develop an analytic description of the tunneling process. We will not try to lift the constraint (1.2). Moreover, we assume that not only V /v is large, but so is the logarithm ln (V /v).
On the other hand, the relation between m q and m γ is clearly of a technical nature. In the two extreme cases considered above the parameter m q /m γ was either very large or very small. One can pose a question what happens at arbitrary values of m q /m γ . Calculation of the ANO string tension in this case certainly requires numerical computations. However, this calculation can be carried out entirely in the macroscopic low-energy U(1) theory, with no reference to the microscopic non-Abelian theory. The procedure is well-developed; the function F (m q /m γ ) which parametrizes the ANO string tension in the general case,
is known in the literature [29] . Let us treat the parameter T ANO as given. Note that, irrespective of the value of m q /m γ , the energy difference E = T ANO . Moreover, the expression (5.14) for the decay rate is universally valid as long as ρ * /∆ ≫ 1, i.e. V /v ≫ 1. The flat wall tension τ is calculated in the approximation which neglects the quark field contributions altogether -the barrier is determined only by the terms proportional to V 2 . Note that this latter V 2 term in T (θ) is universal as long as we keep only the leading in ln (V /v) pieces, i.e. those which are proportional to ln (m W /m γ ). Finally, the kinetic term (∂ n θ) 2 is universal too in the same approximation.
Therefore, if one neglects all terms suppressed by powers of v/V and powers of (ln (m W /m γ )) −1 , one arrives at Eq. (4.21), irrespective of the ratio m q /m γ . The result (4.24) for τ ensues. This implies, in turn, that Eq. (1.3) for the string decay rate is valid for arbitrary values of the ratio m q /m γ . It is no surprose that the extreme type I and extreme type II calculations led to one and the same result (1.3) (in the logarithmic approximation).
Of particular interest are examples emerging in the supersymmetric setting. For instance, for the BPS string T ANO = 2πv 2 and then Eq. (1.3) predicts the following decay rate of this string:
Let us recall that the Abelian BPS strings embedded in non-Abelian gauge theories appear, say, in the charge vacua of the Seiberg-Witten theory with matter [14, 26, 27, 17 ].
Comparison with Schwinger's expression
In this section we will dwell on the physical interpretation of the general formula (1.3) we have derived above. It is clear that the quantity V /g which appears in the exponent in Eq. (1.3) is of the order of the monopole mass. More precisely, the BPS bound for the monopole mass M M is
Our prediction for the string decay rate (the probability per unit time per unit length) can be expressed in terms of M M as follows:
This suggests a natural physical interpretation of our result: the decay of the string goes via breaking of the string in pieces through a monopole-antimonopole pair production. From this standpoint, the bubbles of the "true vacuum" of the effective 2D sigma model (see Eqs. (4.17), (5.13)) inside the "false" one are, in fact, domains where the string is broken by monopole-antimonopole pairs. The decay rate is exponentially small for large monopole masses; the exponent is determined by the ratio M 2 M /T ANO . Given this interpretation it is instructive to compare Eq. (6.2) with the famous Schwinger's formula [22] for the electron-positron pair production in the constant electric field,
where m is the electron mass, and E is the electric field. Note that with our normalization, see Eq. (2.1), the coupling constant is included in E. The probability (6.3) can be obtained as the imaginary part of the one-loop graph presented in Fig. 4 . Figure 4 : Propagation in the background electromagnetic field. The charged particle loop is denoted by a thick line, the background field by dashed lines.
Dualizing Schwinger's expression we can try to use it for evaluating the probability of the monopole-antimonopole pair creation in the magnetic field existing in the core of the ANO string. Of course, we have to assume that this field is constant on the scale of the monopole-antimonopole separation (we hasten to add that this is a wrong assumption).
It is not difficult to get from Eq. (6.3) a dualized Schwinger formula for the magnetic monopole pair production in the homogeneous magnetic field. Indeed, with our normalization the duality transformation reads E ↔ g −2 B where B is the magnetic field. Then the dualized Schwinger formula takes the form
(6.4)
The magnetic field in the ANO string can be readily estimated from the condition that it has unit flux,
Combining Eqs. (6.4) and (6.5) one obtains
where C is a numerical coefficient of order 1.
Comparing this Schwinger-formula-based expectation with our result (6.2), and keeping in mind that T ANO = 2πv 2 modulo a logarithm of m q /m γ , we see that the powers of the mass scales and of the coupling g 2 in the two exponents perfectly match each other. However, the logarithmic factors are missing in (6.6). In particular, ln m W mγ 2 which has no association with T ANO , is conspicuously present in Eq. (6.2) while it is conspicuously absent in Eq. (6.6).
The explanation of this mismatch is two-fold. First, as we have already mentioned above, the magnetic field of the string is not homogeneous on the scale of the monopole-antimonopole separation.
The second reason is that dual QED is in the strong coupling regime. In other words, calculation of the imaginary part of the vacuum energy from the the oneloop monopole graph of the type depicted in Fig. 4 is totally unjustified. For the monopole propagation, the graphs with extra γ quanta exchanged, as in Fig. 5 , dominate over the one-loop graph of Fig. 4 . Figure 5 : The same as in Fig. 4 , with the additional exchange of γ quanta (denoted by a zigzagy line).
Conclusions
In this paper we calculated the decay rate of an Abelian flux tube embedded into a non-Abelian theory. In the logarithmic approximation (ln (m W /m γ ) ≫ 1) we found the decay probability (per unit time per unit length) of the metastable string. We focussed on the simplest example where the phenomenon does occur: nonsupersymmetric SU(2) gauge theory with the adjoint and fundamental scalars. The pattern of the SU(2) symmetry breaking is two-stage,
As was expected, the decay rate is exponentially small. The suppressing exponent is proportional to the ratio of monopole mass squared to the string tension. The interpretation of this result is that the string gets broken into pieces by the monopoleanti-monopole production.
Although we considered a particular model with metastable strings, we believe that the final answer is rather general and can be qualitatively applied to any metastable Abelian string embedded in a non-Abelian theory. In particular, as we mentioned in Sect. 1, the reduction of string multiplicity from Z N −1 down to Z N in the strong coupling vacua of the Seiberg-Witten theory is due to a similar mechanism. In this case we deal with electric strings (which arise due to the monopole /dyon condensation), so that the metastable strings must broken by the W boson pair production (rather than the monopole pair production which takes place in the magnetic flux tubes).
Unwinding ansätze of the type presented in Eq. (3.1) can be used in other similar problems, for instance, for studying the metastability of the appropriately embedded semilocal strings (for a review of the semilocal strings see Ref. [30] ).
Finally, it is worth noting that the calculation of the string decay rate presented here can be viewed as a calculation of an open string coupling constant in the effective string theory of ANO string.
